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Aerodynamic Optimization of Turbomachinery Cascades
Using Euler/Boundary-Layer Coupled Genetic Algorithms

Ozhan Oksuz,¤ I. Sinan Akmandor,† and Mehmet S. Kavsaoglu‡

Middle East Technical University, 06531 Ankara, Turkey

A new methodologyis developed to � nd the optimalaerodynamicperformance of a turbine cascade. A boundary-
layer coupled Euler algorithm and a genetic algorithm are linked within an automated optimization loop. The
multiparameter objective function is based on the blade loading. For a given inlet Mach number and baseline
cascade geometry, the � ow inlet and exit angles, the blade thickness and the solidity are optimized by a robust
genetic algorithm.First, the Sanz subcritical turbine cascade is selected as the baseline cascade and is used for � ow
solver validation. Second, the baseline cascade parameters are modi� ed to yield the maximum tangential blade
force. Finally, the effects of different crossover techniques, random number seeds, and population sizes on the
performance of the genetic algorithm are studied. It is shown that the maximum blade loading is achieved for a
higher � ow turning, a wider pitch, and a thicker cascade.

Nomenclature
CD = drag coef� cient
Cdisp = dissipation coef� cient
C f = friction coef� cient
CL = lift coef� cient
c = blade chord
ds = differential surface area
H = shape parameter
h t = total enthalpy
L = lift
Mea = average Mach number at the edge of the boundary layer
n = population size
n = unit vector normal to computational streamline cell face
p = pressure
q = relative velocity vector
s = solidity
t = blade thickness
ue = streamvise velocity at the edge of the boundary layer
Y = blade loading
¯exit = exit � ow angle
¯inlet = inlet � ow angle
¯m = mean � ow angle
° = ratio of speci� c heats
±¤ = displacement thickness
±¤¤ = density thickness
µ = momentum thickness
µ¤ = kinetic energy thickness
» = streamwise coordinate
½ = density

Introduction

T HE numerical simulation of turbine cascades has been exten-
sively improved over the last 20 years. Despite limitation as a
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result of modeling approximationssuch as turbulenceand transition
modeling, cooling and heat-transfercalculations,these methods are
now capable of analyzing the performance of turbine blades with
a � ow accuracy that is acceptable for most engineering purposes.
Computational� uid dynamicshas also matured to thepointat which
it is widely used as a key tool for aerodynamicdesign. However for
the � nal design processmost designersstill adopt a “trial and error”
approach,analyzing the currentdesign, and modifyingit in function
of the computational results or the experimental data, according to
empirical rules or to their own experience. Numerical optimization
methodsaim to shortenand simplify this iterativeprocess,while sig-
ni� cantly improving the design output. All optimization problems
contain three components:

1) Objectives describe what one hopes to achieve through the
optimization process. In this paper the objective function is set to
be the cascade tangential force.

2) Optimization parameters describe how the system is to be ad-
justed in order to bestmeet the objectives.Parameters thatdetermine
the shape of the boundary are an example. In this study the opti-
mization parameters are blade thickness, blade pitch, � ow inlet and
exit angles. The cascade geometry is modi� ed accordingly.

3) Constraints guide the optimization through states that must
be satis� ed. In our case these are the cascade geometry limitations.
Moreover,an additionaldragcoef� cientconstrainedis implemented
for comparison.

Optimization techniquescan be classi� ed in three categories: lo-
cal, global, or other methods. Local methods are gradient-based
algorithms,which only search one part of the design space and stop
after � ndinga localoptimum.Adjoint,single,ormultigridprecondi-
tioners,alternatingdirectionimplicitmethodsare all localmethods.1

Global methods are stochastic methods that take into consideration
the entire design space. Genetic algorithms, simulated annealing,
random search methods are all considered as global methods. They
alsohave theadvantageof operatingon discontinuousdesignspaces.
Other optimizationalgorithms that do not fall entirely within either
of these two categories are one-shot or inverse methods.2

The objective of the present paper is to developan automated op-
timization loop by using the very fast and accurate two-dimensional
Euler/boundary-layer coupled � ow analysis methodology of Giles
and Drela3 and Drela4 together with a genetic algorithm. The
second-order-accurate Newton–Raphson algorithm consists of a
two-dimensional � nite volume steady Euler � ow solver strongly
coupledto a set of multilayerintegralboundary-layerequations.The
� owalgorithmhasalreadybeensuccessfullyused in theanalysisand
design of turbomachineryblades and wind turbine cascades.5;6 The
present optimization aims to achieve a highly loaded blade section
by modifying the baseline Sanz subcritical turbine cascade.7
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Euler/Boundary-Layer Coupled Flow Solver
The second-order-accurate cell-face centered implicit � nite vol-

ume scheme uses the Newton linearized integral forms of the gov-
erning equations. The � ow domain is discretized on an intrinsic
streamline grid. The computational domain is in the absolute sta-
tionary frame of reference where total enthalpy is conserved. The
initial streamlined grid is obtained from an elliptic grid generator
and correspondsto an incompressible� ow solution.As the numeri-
cal solution is iterated, the � ow variables and the node positions are
updatedallowing the streamlinegrid to adapt to the � ow physics.At
transonic regions arti� cial compressibility is used so as to upwind
the density in the continuity equation. Accordingly, the upstream
region of dependence is properly taken into account, and the char-
acter of the steady governingequations is modi� ed. The continuity,
momentum and energy equations are expressed as

I
½q ¢ n ds D 0 (1)

I
[½.q ¢ n/q C pn] ds D 0 (2)

I
½q ¢ nh t ds D 0 (3)

In the energy equation the total enthalpy is de� ned as

h t D ° =.° ¡ 1/.p=½/ C q2=2 (4)

These governing equations are solved simultaneously with the
boundary-layerequationsrepresentingthe momentumand the shape
parameter equations, namely,
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In Eqs. (5) and (6) given H , H ¤, H ¤¤ are the shape parametersbased
on ±¤ , µ¤, and ±¤¤, respectively.Subscripts 1, 2, a describe the inlet,
the exit, and the average values of the control volume, respectively.

In� ow

The inlet boundary condition speci� es the Mach number and the
stagnationenthalpy for each streamtube.Togetherwith a given inlet
geometry, this de� nes the mass passing through each streamtube.
Moreover, the inlet streamtube slope is also speci� ed.

Out� ow

For fullysubsonic� owsno thermodynamicvariablesare speci� ed
at the exit. The outlet streamline slope is also not speci� ed because
this variable is already constrainedby the Kutta condition,which is
explicitly imposed as a constraint variable.

Blade

The streamtubethat de� nes the surfaceof the airfoil is considered
to be an impermeable wall contour. Along this boundary the solid
wall condition simply states that the nodes along the pressure and
suction side do not move.

Genetic Algorithm
Genetic algorithms (GA) are search algorithms that mimic the

behavior of natural selection to � nd the global optimum point in a
given design space. GA procedure can climb many peaks in paral-
lel; thus the probability of � nding a local peak instead of the global

is reduced signi� cantly with GAs as compared with the conven-
tional methods that search from a point to another point like the
gradient-based methods. The optimization algorithm modi� es the
Sanz subcritical cascade by changing the optimization parameters
that arebladeinletandexit � ow angles,cascadethickness,andsolid-
ity. Then, the coupled � ow solver calculates the objective function
value, which is the tangential blade force and sends it to the GA.
Accordingly, GA uses this value to assign a � tness to each geome-
try. The corresponding automated optimization � ow chart is given
in Fig. 1.

The tangential blade force on a blade section is expressed as

Y D L cos¯m [1 C .CD =CL / tan ¯m ] (7)

The mean � ow angle ¯m is de� ned by

tan¯m D 1
2 .tan ¯inlet C tan ¯exit/ (8)

Fig. 1 Automated optimization � owchart.
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For the parametrical change of inlet and exit � ow angles, blade
thickness and cascade solidity, this equation identi� es the force to
be maximized. Each one of the cascade geometries associated to a
� ow con� guration is called an individualof a generation.The range
of each of these parameters are arbitrarily constrainedby the design
space:

Inlet � ow angle:

0 deg < ¯inlet < 10 deg

Outlet � ow angle:

0 deg < ¯exit < 70 deg

Solidity:

0:3 < s < 2:5

Thickness-to-chordratio:

0:05 < t=c < 0:5

The smooth bendingof the baselinecascadecamber to obtain a pre-
determinedblade exit angle and the modi� cation of the blade thick-
ness are illustrated in Fig. 2. The inlet Mach number (M0 D 0:343)
and the cascade axial chord (c D 1) are held � xed while evaluat-
ing the tangential forces of reshaped blade sections. The calcu-
lated forces are subsequently analyzed by the optimization algo-
rithm, which evolutionarilyapproachesthe maximum turbine blade
loading.

The GA works from a rich database of cascades forming a popu-
lation.By usingcrossoverand mutationoperations,the forthcoming
populationevolves toward better solutions having higher tangential
force. Each parameter set de� nes a cascade con� guration with a
correspondingbinary string so called a chromosome.The real value

Fig. 2 Modi� cation of the cascade geometry.

of each design parameter is expressed as a string of binary digits,
for example,101101.The associatedchromosomefor a speci� c cas-
cade is formed by placing the binary digits corresponding to each
parameter back to back in one string. For example, if blade inlet
and exit angles, blade thickness, and solidity values were binary
coded as 001100, 010101, 001011, and 110001, respectively, then
the chromosome string would be 001100010101001011110001.

Our GA is composedof threeoperators8: reproduction,crossover,
and mutation.

Reproduction is a process in which cascades are selected ac-
cording to their � tness values. This implies that a cascade with a
higher � tness value (tangential force) has a higher probability of
contributing in the next generation. After assigning the � tness to
each cascade con� guration, selection for mating is performed by a
tournament selection method.9 Moreover, elitism (that is, best indi-
vidual replicated into next generation) is invoked. This ensures the
survival of the best individual from each generation.

Crossoverproceeds in two steps.First, selectedcascadesare cou-
pled at random. Second, each pair of cascades undergoes a partial
exchange of their chromosomes at a random crossing site with a
probability.This results in a pair of individualsof a new generation.
For example,

C1 : 10100011

C2 : 11110111

¼
)

»
C 0

1 : 10100111

C 0
2 : 11110011

Parents 1 and 2 are mated, and children 10 and 20 are obtained. The
chromosomes C 0

1 and C 0
2 now correspond to two new blade con-

� gurations with different blade inlet and exit � ow angles, cascade
thickness, and solidity.

Mutation is a bit change of a chromosome that occurs during
the crossover process.Mutation implies a random walk through the
string space and plays a secondary role in the GA. For example, the
child 10 might be faced with a mutation like

C 0
1 : 10100111 ) C 0

1 : 11100111

on the second bit of its chromosome.
Successive generations are created by crossover, mutation, and

reproduction operators, until very � t cascades are obtained in the
population.

Diversity of the cascade population heavily depends on the
crossover and mutation probabilities. In this study the crossover
probability is set at 50%, which is the usual case for genetic al-
gorithm studies.8 On the other hand, the probability of mutation
is particularly low, selected in consistence with the literature8 as
“1/(chromosome length).” The probability of mutation is selected
as 2%.

Results and Discussion
Test Case and Baseline Cascade

Sanz subcritical turbine cascade is selected as the test and base-
line cascade. The � ow solver is validated using the Sanz subcritical
cascade incompressible� ow results that are obtainedby hodograph
related methods with boundary-layercorrections.7 The � rst column
of Table 1 summarizes the main � ow and geometrical properties
of the Sanz subcritical turbine cascade as well as the cascade per-
formance results. The Reynolds number is taken as 6 £ 106 . The
laminar-turbulent boundary-layer transition points on the pressure
and suction sides are both arbitrarily set at 15% of the chord dis-
tance away from the leading edge. A � ow adapting streamline grid
of 82 £ 19 nodes is used.

The analyticaland numericalblade section surfaceMach-number
distributions are given in Fig. 3. The agreement is apparent. The
exit � ow angle is also numerically determined through the Kutta
condition applied at the trailing edge. Accordingly, the calculated
� ow turning is 95.15 deg as compared to the Sanz’s exact value of
93.35 deg. Although the Sanz supercriticalturbine cascade10 geom-
etry and related input are not used in the optimizationprocess, it has
been included in Table 1 for comparison purpose.
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Table 1 Performance comparison of turbine cascades

Baseline
cascade: Sanz Optimized

Sanz supercritical Optimized cascade CD
Characteristics subcritical7 cascade10 cascade constrained

Inlet Mach number 0,343 0,343 0,343 0,343
Inlet � ow angle, deg 36,00 38,13 34,21 34,50
Exit � ow angle, deg ¡57,35 ¡56,93 ¡56,85 ¡55,87
Solidity 1,497 0,742 0,936 0,587
Thickness/Chord 0,228 0,202 0,427 0,264
Results

CL 1,966 3,969 4,312 2,606
CD 1,858 2,335 4,310 1,888
Zweifel’s criterion 0,7536 1,476 1,561 1,667
Blade loading 0,1324 0,2098 0,2970 0,1499

Fig. 3 Surface Mach-number distribution for Sanz subcritical cas-
cade.

Fig. 4 Effect of crossover on the GA performance.

Performance of the Genetic Optimization
as Applied to the Turbine Cascade

Crossover type, populationsize, and behavioraccordingto differ-
ent seeds are the main factors playinga key role on the performance
of a genetic algorithm. The effects of uniform vs single crossover,
10-member vs 50-member generations, and two logically different
random seed numbers are studied in this paper.

Uniform crossover operates on each chromosome bit position,
swapping the bit values between the pair of mating strings with a
givenprobability.Whereassinglecrossoveris the simplestone, only
onecrossoverpoint is selectedrandomly,and the codesare swapped.
Whileexpectingthe single-pointcrossovermethod to limit the diver-
sity of the population,Fig. 4 shows that single crossovergenerations
allow a faster convergenceto optimum cascadecon� guration,when
compared to uniform crossover.

Next, the effect of population size is analyzed. The convergence
of the objective function is shown in Figs. 5 and 6. The � rst run of
GA is made with a populationsize of 10 individuals.The optimized

Fig. 5 Effect of population size on the GA performance.

Fig. 6 Computational cost incurred by the population size.

Fig. 7 Effect of random seed on the GA performance.

bladeloadingis notquite reachedeven after the � rst 150 generations
(Fig. 5). On the other hand, when the optimization is undertaken
with a population size of 50 individuals, the optimum loading is
reached in less than 50 generations. However, this huge difference
in the generation number can be misleading if the computational
time between the two optimizations is not compared. Numerical
experimentationshowed that the CPU time spent for the population
generation is negligible when compared to the � ow solution CPU
time of one individual. Therefore, the run time of a 50-member
population can be considered to be equivalent to the run time of
� ve evaluations for a 10-member population. So, a supplementary
� gure based on the product of generation and population size is
shown in Fig. 6 to representthe computationalcost incurredfor both
populationsizes. Interestingly,in the designspace small populations
perform better than large populations.

The effect of initial seed on the optimizationprocess is illustrated
by Fig. 7. Two randomly seeded optimization runs tend to con-
verge toward each other as the number of generations increases,
even though they follow different paths. Indeed, after suf� cient
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generations this effect tends to disappear, indicating the robustness
of the optimization technique.

The dependence of the genetic algorithms to these parameters is
studiedquite a lot. Whether the best solutionhas been reachedor not
is still an open question in the open literature. As Osyczka11 stated,
“Is there a universalway of selectingthe bestperformingparameters
for all differentproblems?A geneticalgorithmwill keep its learning
mystery with its parameter dependent solutions.”

Optimized Cascade Performance:

The output of the new automated optimization technique is pre-
sented and compared with the initial baseline test case in Table 1.
The optimized cascade surface Mach-number distribution is com-
pared with initial con� guration performance in Fig. 8. A dramatic
increase is achievedover the suction side along with a moderate im-
provementover the last half of the pressure side.The corresponding
boundary-layerdisplacement and momentum thickness for the op-
timized blade section are also given in Figs. 9 and 10, respectively.
Although still relatively small, both displacement and momentum
boundary-layer thickness increase in the last quarter portion of the
chord. This might be one of the causes of the large increase in the
drag coef� cient reported in Table 1.

Fig. 8 Cascade surface Mach-number distribution.

Fig. 9 Boundary-layer displacement thickness distribution.

Fig. 10 Boundary-layer momentum thickness distribution.

Fig. 11 Mach-number contour for the optimized cascade.

Fig. 12 Cascade geometries of the baseline and optimized blade with-
out CD constraint.

Fig. 13 Cascade geometries of the baseline and optimized blade with
CD constraint.

The corresponding Mach-number contour of the optimized cas-
cade is plotted in Fig. 11. Beginning from a fully subsonic con� g-
uration, the � ow for the optimized cascade became transonic under
increased tangential force. The differences in � ow angles, solidity,
and thicknessbetween theoptimumcascadeand theSanz subcritical
cascades are illustrated in Fig. 12.

Because the increased blade loading of the optimized cascade is
achieved along with a signi� cant drag increase, an additional drag
coef� cient constraint is added to the problem. This is attained by
addinga penaltyterm to theobjectivefunctionas thedrag coef� cient
difference of the baseline and modi� ed cascade. The results of the
CD constrained optimization problem are also shown in Table 1.
The results indicate that while incurring a drag very close to the
baseline cascade the GA managed to increase the tangential force
by more than 13%. The CD constrainedoptimizedcascade is shown
and compared with the baseline cascade in Fig. 13.

Zweifel12 criterion is an empirical measure of cascade loss, and it
emphasizes the effect of solidity on the cascade ef� ciency. Zweifel
has found that the ratio of the actual to an “ideal” tangential blade
loading must be approximately0,8 for minimum loss. He arrived at
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this number from a number of experiments on high turning turbine
cascades.Actually, this number representsa tradeoff between small
spacing of blades with high friction losses and high spacing of
blades with poor � uid guidance, ultimately causing high separa-
tion. The Zweifel criterion also predicts that the optimum solidity
for the test case is around 1.77 (Ref. 13). In the light of this crite-
rion, the optimized cascade solidity is closer to this value than the
Sanz supercriticalcascade solidity, even though it shouldersa much
higher tangential force, indicated in Table 1.

Blade loading results are presented in Table 1. It is seen that
the optimization method increases the baseline subsonic cascade
tangential force by 124%. Moreover, even when the optimized cas-
cade is compared with the Sanz supercriticalcascade, it is seen that
the tangential force of the optimized cascade is still higher by 42%.
The higher cascade force is achieved by a thicker blade section that
might also be good from structural and cooling viewpoints. Also,
decrease in solidity will probably lead to a decrease in the number
of blades in the turbine, a saving in weight and cost.

Conclusions
A fast and accurate � ow solver has been coupled to a fast and

robustgeneticalgorithmso as to optimize the cascadeblade loading.
The baseline turbine cascade was chosen to be the Sanz subcritical
cascade.The main optimizationparametersused in the optimization
algorithm are the cascade thickness, the solidity, the cascade inlet
and exit � ow angles. It is shown that as the tangentialforce increases
the � ow becomes transonic. Although the surface Mach number of
the optimized blade approaches the pro� le of the Sanz supercritical
cascade, this performanceincreaseis achievedwith much fewer and
thicker blade sections.Despite a higher drag coef� cient, the Zweifel
criterionpredicts that the optimizedcascadewill also incur less loss
when compared to the Sanz supercritical cascade.
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